Abstract. A k-isogeny class of abelian varieties over a finite field k is uniquely determined by the Weil polynomial f of any variety from this class. When we consider classification problems concerning abelian varieties inside an isogeny class, the classification can be given in terms of the corresponding Weil polynomial. In this paper we improve our previous results on classification of groups of points on abelian varieties over finite fields.
Introduction
Let X be an algebraic variety over a finite field k = F q of characteristic p. The set X(k) of points defined over k is an important invariant of X. If X is an abelian variety, then X(k) is a finite abelian group. Tsfasman classified finite abelian groups which can be realized as groups of points on elliptic curves over finite fields. Rück and Voloch obtained the same result independently using results of Schoof. It is important that for the classification in question one first divide the set of elliptic curves into isogeny classes, and then classify groups of points inside a given isogeny class. In this paper we follow the same strategy. By the Tate-Honda theorem, an isogeny class of abelian varieties over finite field corresponds to characteristic polynomial of Frobenius action on the ℓ-th Tate module of any variety from the class (the Weil polynomial). These polynomials are known for abelian varieties of low dimensions. Previously we classified groups of points on abelian varieties such that corresponding Weil polynomial is separable or of degree 4. In this paper we prove a conjecture given in [Ry10] . We also clarify the proof of the classification theorem of groups of points on abelian surfaces and obtain partial results in dimension 3.
Preliminary results on abelian varieties and notation
Letk be an algebraic closure of k. For a given prime number ℓ and a natural number m denote by A m the kernel of multiplication by ℓ m in A(k). The ℓ-th Tate module of A is defined as
A m . The Frobenius endomorphism F of A acts on the Tate module by a semisimple linear transformation, which we also denote by F . Suppose ℓ = p. Then T ℓ (A) is a free Z ℓ -module of rank 2 dim A. We define the Weil polynomial of A as the characteristic polynomial
It is a monic polynomial of degree 2 dim A with rational integer coefficients independent of the choice of prime ℓ. By the Tate-Honda theorem, abelian varieties A and B are isogenous if and only if f A (t) = f B (t) [Ta66] . The module T p (A) is called a physical Tate module. The polynomial
be the monic separable polynomial with the same set of roots as f ℓ , and let
Denote by x ∈ R the image of t under the natural projection from Z ℓ [t] . By [Ry, Section 2], the Tate module T ℓ (A) has a direct summand T (1) ℓ (A) such that F acts with characteristic polynomial f ℓ , thus T (1) ℓ (A) is an R-module such that x acts as F . Without danger of confusion we define a Tate module as an R-module which is free of finite rank over Z ℓ . The rank of a Tate module is its rank over Z ℓ .
Fix and a positive integer r. A matrix factorization (with respect to f ℓ , f sep ℓ and r) is a pair (X, Y ) of r × r matrices with coefficients in Z ℓ [t] such that det X = f ℓ and Y X = f sep ℓ · I r , where I r is the identity matrix. The following proposition shows the connection between Tate modules and matrix factorizations.
is a Tate module, and the characteristic polynomial of the action of x on T is equal to f ℓ . Conversely, let T be a Tate module, which can be generated over R by r elements. Suppose that det(t−x|T ) = f ℓ , and Hp ℓ (T /(1−x)T, r) = (m 1 , . . . , m r ). Then there exists a matrix factorization (X, Y ) such that T has presentation (2.1), and
For an abelian group G we denote by G ℓ the ℓ-primary component of G. The group A(k) is the kernel of 1 − F : A → A, and the ℓ-component Proposition 2.2. Let f be a Weil polynomial, and let G be a finite abelian group of order f (1). Suppose that for any prime number ℓ = p dividing f (1) there exists a Tate module T ℓ such that f ℓ (t) = det(t − x|T ℓ ), and
Proof. Let B be an abelian variety over k with Weil polynomial f . By [Ry,
. Since the Frobenius action on the vector space V
(1)
semisimple, it is determined up to isomorphism by the polynomial f ℓ . Therefore there exists an isomorphism V
. By [Ry10, Lemma 2.1], there exists an abelian variety B 1 and an ℓ-isogeny
Let ℓ 1 , . . . , ℓ s be the set of prime divisors of f (1). By the above there is a sequence of isogenies
Tate modules and Hodge polygons
Denote by ν ℓ the ℓ-adic valuation on Q ℓ . Let Q(t) = i Q i t i be a polynomial of degree d over Q ℓ , and let Q(0) = 0. Take the lower convex hull of the points (i,
The boundary of this region without vertical lines is called the Newton polygon
In what follows we assume that the exponents m 1 , . . . , m r are ordered in the following way: 0 ≤ m 1 ≤ m 2 ≤ · · · ≤ m r . Note that some of these numbers could be zero. The Hodge polygon Hp ℓ (G, r) of the group G is the convex polygon with vertices (i, r−i j=1 m j ) for 0 ≤ i ≤ r. It has (0, m) and (r, 0) as its endpoints, and its slopes are −m r , . . . , −m 1 . We write Hp ℓ (G, r) = (m 1 , . . . , m r ). If T is a Tate module, we denote
be a short exact sequence of finite abelian ℓ-groups. Let Hp ℓ (H, s) = (n 1 , . . . , n s ), and
Choose v 1 , . . . , v r ∈ G such that v i generates the summand Z/ℓ m i Z. We choose generators u 1 , . . . , u s ∈ H in the same way. Let H ′ be a subgroup of H generated by u 1 , . . . , u i . The group G ′ is generated by r − s elements; thus G/H ′ is generated by r − i elements, and there exists a linear combination v = r j=i a j v j such that v ∈ H ′ , and there exists j such that ν ℓ (a j ) = 0. Now assume that m i > n i . It follows that ℓ n i v = 0. On the other hand, ℓ n i u = 0 for any u ∈ H ′ . This contradiction concludes the proof.
The last assertion can be proved by the dual argument.
Theorem 3.2. Let T be a Tate module of rank r, and T 1 is a Tate submodule of rank s such that T 2 = T /T 1 is torsion-free. Suppose that Hp ℓ (T 1 ) = (n 1 , . . . , n s ), and Hp ℓ (T ) = (m 1 , . . . , m r ).
Proof. We prove that m i ≤ n i for 1 ≤ i ≤ s. The second assertion follows from the dual argument. The transformation E = 1 − x acts on the short exact sequence of Tate modules:
By the snake lemma we get a exact sequence of abelian groups:
The Lemma 3.1 completes the proof. 
The proof is an easy application of [La94, Proposition I.7.23].
Theorem 3.4. Let T be a Tate module of rank r, and let Hp ℓ (T ) = (m 1 , . . . , m r ). Put Q(t) = f (1 − t). Let α be a root of Q with multiplicity s and ℓ-adic valuation
, and let
where L = Q ℓ (α). Then m s ′ ≤ ⌊λ⌋, m s ≤ ⌈λ⌉, m r−s ′ +1 ≥ ⌈λ⌉, and m r−s+1 ≥ ⌊λ⌋.
Proof. Denote by O the ring of integers of L. Let S = T ⊗ Z ℓ O. The Tate module S contains the submodule S 1 = ker(1 − x − α). Clearly,
By Lemma 3.3, the Hodge polygon of (O/αO) s has ([L : Q ℓ ] − e)s slopes ⌊λ⌋ and es slopes ⌈λ⌉. By Theorem 3.2, m s ′ ≤ ⌊λ⌋ and m s ≤ ⌈λ⌉. The rest can be proved dually. . Clearly, for any i there exist i 1 < · · · < i e such that m i = n i 1 + · · · + n ie . Let Q(t) = det(t − E|T ), where E is induced by 1 − x. Let α be a root of Q with multiplicity s and ℓ-adic valuation λ ∈ Q. Then m s ≤ ⌈λ⌉, and m r ′ −s+1 ≥ ⌊λ⌋.
Main results
Theorem 4.1. Let f = P r Q s be a Weil polynomial, where Q divides P , and deg P ≤ 2
. Suppose that P is separable. Then G is the group of points on some abelian variety with Weil polynomial f if and only if
ℓ are ℓ-primary abelian groups such that Np ℓ (P (1 − t)) lies on or above Hp ℓ (G (j) ℓ , 2) for all 1 ≤ j ≤ r, and
Proof. We assume that f ℓ = f . Otherwise the statement is clear. It is easy to construct a variety with a given group of points. By Proposition 2.2, we have to construct Tate modules
and P is the characteristic polynomial of Frobenius action on T 
Let m = ν ℓ (P (1)), and let λ 1 ≤ λ 2 be slopes of Np ℓ (P (1 − t)). We prove by induction on deg f that if T is an R-module and the characteristic polynomial of the action of t is f = P r Q s , then
where Hp ℓ (G 
Choose v 1 , . . . , v 2r+s ∈ T /(1 − x)T such that v i generates the summand Z/ℓ m i Z. Suppose that w ∈ T lifts v 2r+s . Let T 1 ⊂ T be the saturated sublattice containing w and F w. Clearly, T 1 is Finvariant. If the characteristic polynomial of the Frobenius action on T 1 is Q, then 1 ) = (m 1 , . . . , m 2r+s−1 ) , and we use induction hypothesis.
Suppose that the characteristic polynomial of the Frobenius action on T 1 is P . Then
By Theorem 3.2,
Now we use the argument from the proof of [Ry12, Theorem 3.4]. By Proposition 2.1, T corresponds to a matrix factorization (X, Y ) such that det X = f and
The matrix factorization (Y, X) corresponds to a module T ′ over R, which is generated by 2r + s elements and the characteristic polynomial of x is equal to
As before, either m 1 = ν ℓ (Q(1)), and we are reduced to the case deg f = r + s − 1, or we have the inequality (4.1) for
We proved that
thus, by Theorem 3.4, m 1 ≤ λ 1 . As in the proof of Theorem 3.2, we have an exact sequence of R-modules:
and the corresponding sequence of abelian groups:
Clearly, T 2 is a free Z ℓ -module, and the characteristic polynomial of x on T 2 is P r−1 Q s . We claim that Hp ℓ (T 2 ) = (m 2 , . . . , m 2r−2+s ). Indeed, T /(1 − x)T is generated by v 1 , . . . , v 2r+s and, by construction of T 1 , the group T 1 /(1 − x)T 1 is generated by v 2r+s and some v such that ℓ m 1 v = 0. Moreover, since T 2 is generated by 2r + s − 2 elements, we may assume that
where ℓ m 1 a j v j = 0, and there exists j such that ν ℓ (a j ) = 0. In particular, ν ℓ (a j ) ≥ m j − m 1 . Thus we can reorder v 1 , . . . , v j and assume that ν ℓ (a 1 ) = 0. Now we see that the images of v 2 , . . . , v 2r−2+s generate the subgroup ⊕ 2r−2+s j=2 Z/ℓ m j Z of the same order as T 2 /(1 − x)T 2 . This proves the claim, and the induction hypothesis for T 2 proves the theorem.
Theorem 4.2. Let f (t) = P (t)(t ± √ q) r be a Weil polynomial, where P is separable of degree 2, and P (∓ √ q) = 0. Let
• G be a finite abelian group of order f (1);
• Hp ℓ (G ℓ , r + 2) = (m 1 , . . . , m r+2 );
• λ 1 ≤ λ 2 be slopes of Np ℓ (P (1 − t));
Then G is the group of points on some abelian variety with Weil polynomial f if and only if
Proof. Let G = A(k) for some A with Weil polynomial f . Assertion (1) follows from [Ry10, Theorem 1.1], and inequalities (2) and (3) follow from Theorem 3.4 applied to
ℓ (A), s = r, α = 1 ± √ q, and λ = λ q .
In particular, m 3 = · · · = m r = λ q . To prove (4) apply Corollary 3.5 to
where α 1 is a root of P such that ν ℓ (1 − α 1 ) = λ 1 . We get that
Let us prove that if λ 1 is not integral, then
In this case
We prove the theorem in other direction. If f = f ℓ we can apply Theorem 4.1. So assume that f = f ℓ . We construct Tate modules T ℓ such that f (t) = det(t − x|T ℓ ), and G ℓ ∼ = T ℓ /(1 − x)T ℓ and use Proposition 2.2 (the case ℓ = p is clear). Let T 1 be a Tate module such that x acts with characteristic polynomial P . Put T 2 = Z ℓ such that x acts as multiplication by ∓ √ q, and put (1) Suppose f A has no multiple roots, then Np ℓ (f A (1 − t)) lies on or above Hp ℓ (G ℓ , 4).
(2) Suppose f A = P 2 A , and P A has no multiple roots, then G ℓ ∼ = G
ℓ , where G 
